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In the Lagrangian theory of guiding center motion, an effective magnetic fieldB∗ = B+(m/e)v‖∇×b appears
prominently in the equations of motion. Because the parallel component of this field can vanish, there is a
range of parallel velocities where the Lagrangian guiding center equations of motion are either ill-defined
or very badly behaved. Moreover, the velocity dependence of B∗ greatly complicates the identification of
canonical variables, and therefore the formulation of symplectic integrators for guiding center dynamics. This
Letter introduces a simple coordinate transformation that alleviates both of these problems simultaneously.
In the new coordinates, the Liouville volume element is equal to the toroidal cotravariant component of the
magnetic field. Consequently, the large-velocity singularity is completely eliminated. Moreover, passing from
the new coordinate system to canonical coordinates is extremely simple, even if the magnetic field is devoid
of flux surfaces. We demonstrate the utility of this approach to regularizing the guiding center Lagrangian
by presenting a new and stable one-step variational integrator for guiding centers moving in arbitrary time-
dependent electromagnetic fields.
Without loss of generality, the Lagrangian for both
guiding centers and gyrocenters in time-dependent elec-
tromagnetic fields (A, ϕ) may be written
` = (eA(X, t) +mv‖b(X, t)) · X˙ −H(X, v‖, t), (1)
where H is either the guiding center or gyrocenter Hamil-
tonian, as appropriate.1–4 The Hamiltonian can always
be written as H = eϕ + K(X, v‖;E,B), where the
gyrocenter kinetic energy K depends parametrically on
the potentials only through the gauge-invariant E =
−∂tA−∇ϕ andB = ∇×A. (The parametric dependence
is in general nonlinear and nonlocal; see Ref. 5 for the
leading-order nonlocal terms.) This Letter is concerned
with addressing a pair of computational and theoretical
challenges associated with `.
The first challenge is theoretical in nature, and it
concerns unphysical infinities that appear in the Euler-
Lagrange equations, which read
v˙‖ =
e
m
E∗ ·B∗
B∗‖
(2a)
X˙ =
B∗
B∗‖
∂H/∂v‖
m
+
E∗ × b
B∗‖
. (2b)
Here the effective magnetic field is given by
B∗ = B +
m
e
v‖∇× b (3)
B∗‖ = b ·B∗ = B +
m
e
v‖b · ∇ × b, (4)
and the effective electric field is given by
E∗ = E − m
e
v‖∂tb− 1
e
∇K. (5)
Because the Hamiltonian H is a smooth function of X
and v‖, these equations of motion become infinite when-
ever B∗‖ = 0. While such infinities occur only at values
of v‖ that technically violate the guiding center and gy-
rocenter ordering assumptions, they nevertheless lead to
vexing inconsistencies and complications in kinetic theo-
ries built on top of `. For instance, because the support of
a Maxwellian distribution function contains all of phase
space, gyrokinetic theory necessarily allows for a small
number of particles to sample the problematic range of
parallel velocities.
The second challenge is related to the problem of de-
veloping symplectic integrators for guiding center and
gyrocenter motion. While the dynamical equations for
guiding centers and gyrocenters, (2a)-(2b), possess a
Hamiltonian structure, they are not written in canonical
Hamiltonian form. Thus, the Hamiltonian structure is
non-canonical, and standard symplectic integration tech-
niques cannot be applied.6
Previous authors have addressed each of these chal-
lenges with either computational or theoretical applica-
tions in mind. On the theoretical side, Correa-Restrepo
and Wimmel7 proposed a method for regularizing the in-
finities associated with B∗‖ based on multiplying the v‖b-
term in ` by a specially-designed form factor. White and
Zakharov8 proposed a system of canonical coordinates for
guiding centers that may be used if the magnetic field ad-
mits nested toroidal flux surfaces. Zhang et al.9 offer an
alternative approach to guiding center canonical coordi-
nates that is able to handle arbitrary magnetic fields, but
leads to a cumbersome relationship between (X, v‖) and
the canonical coordinates. On the computational side,
the pioneering work on the development of structure-
preserving integrators for guiding center motion was done
by Qin and Guan,10 who developed a variational inte-
grator that performs well in axisymmetric magnetic field
configurations. Subsequently, Ellison11 investigated the
prospect of extending the Qin-Guan technique to allow
for arbitrary magnetic fields, but found the existing in-
tegrators to be numerically unstable. The latter work
went on to uncover an unknown and serious gap in varia-
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2tional integration theory, and was able to identify stable
variational integrators for a broad (yet not fully general)
class of non-axisymmetric magnetic fields. The most flex-
ible currently-available structure-preserving integrators
for guiding center dynamics are the canonical-coordinate-
based integrator of Zhang et al.,9, and a special subset of
the projected variational integrators developed recently
by Kraus,12 all of which are capable of handling arbitrary
magnetic fields. While each of these integrators is sym-
plectic, none of them are derived directly from a discrete
variational principle. Therefore, stable variational inte-
grators that preserve a symplectic form on the guiding
center phase space have yet to be identified.
In this Letter, we will argue that it is possible to sim-
plify, unify, and generalize much of the previous work on
regularization and canonization of guiding center theory.
We will show that by applying a simple coordinate change
to `, all B∗‖ singularities, and all difficulties associated
with finding canonical coordinates, are eliminated simul-
taneously; the theory is toroidally-regularized. In order
to illustrate the power of this result, we will then con-
struct a novel and simple one-step variational integrator
for guiding centers moving in arbitrary time-dependent
electromagnetic fields without flux surfaces.
Derivation of the toroidally-regularized guiding cen-
ter Lagrangian comprises two coordinate transforma-
tions. The first transformation is near-identity. The sec-
ond transformation is non-perturbative, but extremely
simple. The only required assumptions are (a) that
the standard guiding center ordering parameter satisfies
 = ρ/L 1 and (b) that the guiding centers of interest
move in a toroidal region with a toroidal angle φ that
satisfies
|B · ∇φ| ≡ |Bφ| > 0. (6)
Neither flux surfaces nor time-independence of the fields
need to be assumed. The second assumption (b) is gener-
ally valid in the interior of devices envisioned for achiev-
ing magnetic confinement fusion, in particular in toka-
maks and stellarators.13
The near-identity transformation maps the coordinates
(X, v‖) to the new coordinates (X, v‖) using the Lie
transform
(X, v‖) = exp(G)(X, v‖), (7)
where G is a time-dependent undetermined O() vector
field on (X, v‖)-space. The guiding center Lagrangian is
transformed into
¯`(X, v‖, X˙, v˙‖) = (eA(X) +mv‖b(X)) · X˙
+eGX ×B(X) · X˙− (H(X, v‖) + eGX ·E) +O(). (8)
The compontents of G are chosen according to
Gv‖ = 0 (9)
GX = − m
eBφ
v‖∇φ× b. (10)
Because the unit vector along the magnetic field may be
expressed (without approximation) as
b =
B
Bφ
∇φ− B
Bφ
b× (∇φ× b), (11)
the transformed guiding center Lagrangian becomes
¯`(X, v‖, X˙, v˙‖) =
(
eA(X) +mv‖
B
Bφ
∇φ
)
· X˙
−
(
H(X, v‖)−mv‖b · E ×∇φ
Bφ
)
+O(). (12)
Note that the explicit form of the near-identity transfor-
mation is
X = X − m
eBφ(X)
v‖(∇φ× b)(X) +O(2) (13)
v‖ = v‖. (14)
Apparently this transformation amounts to a v‖-
dependent modification of the usual gyroradius vector.
The non-perturbative transformation maps the coor-
dinates (X, v‖) to the coordinates (X, v∗‖) according to
v∗‖ = v‖
B
RoBφ
, (15)
where R0 is an arbitrary constant with the dimensions of
length. The Lagrangian finally becomes
`∗(X, v∗‖, X˙, v˙
∗
‖) =
(
eA(X) +mv∗‖Ro∇φ
)
· X˙
−H∗(X, v∗‖) +O(), (16)
where the new Hamiltonian is given by
H∗(X, v∗‖) = eϕ+K
∗(X, v∗‖) (17)
K∗(X, v∗‖) = K(X, v
∗
‖(RoB
φ/B))
−mv∗‖b ·
E ×Ro∇φ
B
+O(). (18)
For guiding centers with E × B speed that is compara-
ble to the thermal speed, the leading-order toroidally-
regularized guiding center kinetic energy is given by
K∗gc(X, v
∗
‖) =
1
2
m
(RoB
φ)2
B2
v∗2‖ + µB
− 1
2
m
|E⊥|2
B2
−mv∗‖b ·
E ×Ro∇φ
B
. (19)
The Euler-Lagrange equations associated with the
toroidally-regularized Lagrangian `∗ are given by
v˙∗‖ =
e
m
B ·E∗
RoBφ
(20a)
X˙ =
B
RoBφ
∂H∗/∂v∗‖
m
+
E∗ ×Ro∇φ
RoBφ
, (20b)
3where the effective electric field is given by E∗ = E −
e−1∇K∗. By the assumption (6), these equtions of mo-
tion are free of singularities. We have therefore succeeded
in eliminating the infinities present in the standard varia-
tional guiding center equations of motion. Moreover, the
v‖-dependent B∗‖ denominators have been replaced with
v∗‖-independent denominators RoB
φ. This significantly
simplifies the process of computing the current density
generated by a distribution of gyrocenters in variational
gyrokinetics and drift kinetics. In contrast, the regular-
ization proposed in Ref. 7 retains v‖ dependence in the
denominators. It is also instructive to compare what we
have done here with Ref. 14, specifically the discussion
surrounding Eqs. (42) and (94) therein. There it is ex-
plained that in a low beta and large aspect ratio toka-
mak it is justifiable to replace b with R∇φ. This enables
one to introduce a transformation akin to (15) that elim-
inates v‖-dependent denominators from the gyrocenter
equations of motion. Therefore toroidal regularization
may be viewed as a generalization of the ideas in Ref. 14
that allows for high-beta, arbitrary aspect ratio, fully-
three-dimensional field configurations.
To verify the proposed transformation, Fig. 1 demon-
strates that the regularized Lagrangian recovers familiar
guiding center dynamics. We solve both the standard
guiding center equations (Eq.(2)) and the regularized
guiding center equations (Eq. (20)) for a trapped par-
ticle in an axisymmetric tokamak magnetic field. We use
a system of toroidal coordinates (r, θ, φ) and a magnetic
field defined by the vector potential:15
A(r, θ, φ) =
B0R0
cos2 θ
(
r cos θ −R0 log
(
1 +
r cos θ
R0
))
∇θ
− B0r
2
2q0
∇φ, (21)
where B0 is a magnetic field amplitude and R0 is the
major radius. In this demonstration, both of the guiding
center theories accurately represent the gyro-averaged
particle motion.
The successful elimination of the singular behavior is
highlighted in Fig. 2, where large-v‖ trajectories are ini-
tialized near the B∗‖ = 0 singularity. The toroidally-
regularized Lagrangian produces a smooth trajectory
that remains in good agreement with the full orbit cal-
culation despite violating the guiding center ordering as-
sumptions. Meanwhile, the trajectory generated by the
conventional equations discontinuously leaps onto a dif-
ferent — and more energetic — trajectory upon encoun-
tering the singularity.
Aside from the elimination of infinities, a significant
benefit of toroidal regularization is that it greatly sim-
plifies the identitification of canonical coordinates. Con-
tinuing with the (r, θ, φ) toroidal coordinates (not neces-
sarily field aligned) choose a gauge where A = Ar∇r +
Aθ∇θ + Aφ∇φ satisfies Ar = 0. In this gauge the La-
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FIG. 1: The toroidally-regularized guiding center
equations accurately recover the familiar trapped
particle “banana orbit”. Conditions: 2 keV proton,
B0 = 1T, R0 = 100cm, q0 =
√
2, (X, v‖) = (5 cm, 0, 0,
-12.9 cm/µs), h = 0.3µs (100x smaller for full orbit).
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FIG. 2: The large-v‖ singularity is manifest in a
passing-particle trajectory generated by the standard
guiding center equations. Same conditions as Fig. 1
except q0 = 0.1, v‖ = −600cm/µs and timesteps
reduced by a factor of ten.
4grangian `∗ becomes
`∗(X, v∗‖, X˙, v˙
∗
‖) =eA¯θ θ˙ + (eA¯φ +mv
∗
‖Ro)φ˙
−H∗(r, φ, θ, v∗‖) +O(). (22)
A viable set of canonical coordinates for guiding cen-
ter motion, even in time-dependent fields, is therefore
(θ, φ, pθ, pφ), where
pθ = eA¯θ (23)
pφ = eA¯φ +mv
∗
‖Ro. (24)
We have included the overbars here to emphasize the
requirement of choosing the gauge Ar = 0.
Toroidal regularization also does not eliminate the
usual benefits associated with Lagrangian guiding cen-
ter theory. If the electromagnetic field is axisymmetric,
and if the toroidal angle φ is assumed to be the sym-
metry angle, then the quantity pφ in (24) is conserved
exactly. If the electromagnetic field is time-independent,
the Hamiltonian H = eϕ + K is conserved exactly. Fi-
nally, phase space volume computed using the Liouville
volume element
ΩL = emR0B
φd3X dv∗‖ (25)
is conserved. Note that ΩL is free of v
∗
‖-depedendence.
Although symplectic integration of the regularized
guiding center equations is facilitated by the preced-
ing identification of canonical coordinates, it is sim-
pler and computationally more efficient to directly ad-
vance the non-canonical coordinates. Toward that end,
we turn now to the construction of a non-canonical
symplectic integrator using the recently developed tech-
nique of “degenerate variational integration.”11,16 De-
generate variational integrators, or DVIs, were devel-
oped to remedy the numerical instabilities discovered
in the initial (non-degenerate) variational guiding center
integrators.15,17,18 Whereas it is only known how to con-
struct a DVI for conventional guiding center dynamics
under a restricted set of magnetic coordinates/magnetic
field configurations,11,16 the toroidally regularized La-
grangian is amenable to the method with no restrictions
beyond the Ar = 0 gauge transformation.
To construct a DVI for the regularized system, begin
with the Lagrangian in Eq. (22). Further, for notational
compactness, let u = v∗‖ and A
∗(X, u) = A¯ + muR0∇φ.
Next, choose a discrete Lagrangian according to
`d(Xk, uk,Xk+1, uk+1) =
eA∗(Xk+1, uk+1) · Xk+1 − Xk
h
−H(Xk+1, uk+1), (26)
where h is the numerical step size. The discrete action
corresponding to this choice is
Sd(X0, u0,X1, u1, ...,XN , uN ) =
N−1∑
k=0
h`d(Xk, uk,Xk+1, uk+1). (27)
A variational integrator is obtained by requiring the
variation of the discrete action with respect to each of
the four coordinate functions (X, u) to be zero for all
k = 1, ..., N − 1. The resulting discrete Euler-Lagrange
equations are given by:
∇A∗(Xk, uk) · (Xk − Xk−1)−A∗(Xk+1, uk+1)
+A∗(Xk, uk)− h∇H(Xk, uk) = 0 (28a)
∇uA∗(Xk, uk) · (Xk − Xk−1)
− h∇uH(Xk, uk) = 0. (28b)
At first glance, this algorithm appears to be a multistep
method, requiring specification of X, u at two instances
in time before the time advance may be iterated. The
crux of the DVI method is, however, that it avoids this
multistep character. It is in fact possible to rearrange
these equations into a one-step method as follows. Be-
causeA∗ has only two non-zero components (namely, the
θ and φ components), variables at time tk+1 only appear
in two components of Eq. (28). The procedure for con-
structing a one-step method involves eliminating the tk−1
dependence in these two equations. Let
∆ =
(
∆θ
∆φ
)
=
(
θk − θk−1
φk − φk−1
)
. (29)
Then by Eq. (28), ∆ satisfies(
eAθ,r(Xk) eAφ,r(Xk)
0 mR0
)(
∆θ
∆φ
)
=
(
hH∗,r(Xk, uk)
hH∗,u(Xk, uk)
)
.
(30)
Pertinently, we can eliminate the tk−1 dependence in
Eq. (28) by expressing ∆ as a function of the variables
at time tk. The one-step DVI, advancing (Xk, uk) to
(Xk+1, uk+1), is then given by:
eAθ,r(Xk+1) (θk+1 − θk) + eAφ,r(Xk+1) (φk+1 − φk)
− hH∗,r(Xk+1, uk+1) = 0 (31a)
eAθ,θ(Xk)∆
θ + eAφ,θ(Xk)∆
φ + eAθ(Xk)
− eAθ(Xk+1)− hH∗,θ(Xk, uk) = 0 (31b)
eAθ,φ(Xk)∆
θ + eAφ,φ(Xk)∆
φ + eA∗φ(Xk, uk)
− eA∗φ(Xk+1, uk+1)− hH∗,φ(Xk, uk) = 0 (31c)
mR0 (φk+1 − φk)− hH∗,u(Xk+1, uk+1) = 0. (31d)
For time-dependent fields, the algorithm is unchanged
except the field evaluations become, e.g., A(Xk) 7→
A(Xk, tk).
The DVI possesses, by construction, desirable conser-
vation properties. For one, it can be observed in Eq. (31c)
that the scheme exactly preserves the regularized version
of the canonical toroidal momentum whenever toroidal
symmetry is present. Additionally, the variational for-
mulation of the algorithm implies that it preserves a sym-
plectic two-form19 — a fundamental property of Hamil-
tonian systems. Variational integrators constructed in
this way preserve a two-form that is nearby to the one
preserved by the continuous system, approaching it as
5the numerical step size tends to zero.11,16 By preserving
a symplectic two-form, the DVI retains the Hamiltonian
character of the dynamics.
To illustrate the benefits of non-canonical symplectic
integration of guiding center trajectories, the final numer-
ical study evolves passing particle trajectories in a res-
onantly perturbed tokamak. The resonantly perturbed
field is described by the magnetic vector potential:
A(r, θ, φ) = A0 − B0r
2
2q0
∑
i
δi sin(miθ − niφ)∇φ, (32)
where A0 is the axisymmetric vector potential given in
Eq. (21) and δi is the size of the i’th resonant perturba-
tion. In this example we consider two perturbative har-
monics: an m = 3, n = 2 harmonic and an m = 7, n = 5
harmonic, both of amplitude δ = 4 × 10−4. Figure 3
depicts a contant-energy Poincare´ section formed by in-
tersecting the particle trajectories with a plane of con-
stant toroidal angle φ. In the unperturbed, axisymmet-
ric limit, the particle trajectories reside on circular KAM
tori analogous to magnetic flux surfaces. Hamiltonian
theory — specifically, the KAM theorem — dictates that
these KAM tori should persist throughout a majority
of the phase space when small perturbations are intro-
duced. Because the DVI retains the Hamiltonian char-
acter, its Poincare´ section can be seen to manifest this
behavior for indefinitely long times. The same cannot
be expected of non-symplectic algorithms, which eventu-
ally lose the Hamiltonian character of the dynamics to
dissipative truncation error.
To summarize, we have removed the unphysical infini-
ties from variational guiding center theory in a simple
and physically-appealing manner. As a result, we were
able to find a very simple structure-preserving integra-
tor for guiding centers. This integrator is capable of
handling guiding center motion in arbitrary electric and
magnetic fields, even those with time dependence and
without nested magnetic flux surfaces. While we have
not provided the explicit expressions here, analogous re-
sults apply in the context of variational gyrocenter mo-
tion. Thus, our results should enable the development
of structure-preserving integrators for (at least) electro-
static drift kinetics and gyrokinetics. In addition, we
have presented empirical evidence that our regularized
guiding center theory performs surprisingly well at large
parallel velocities, accurately capturing the shape (al-
though not the phase) of the true orbit. Because such
large parallel velocities violate the guiding center order-
ing assumption, it would be interesting to understand the
reason for this good behavior in the future.
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FIG. 3: By retaining the Hamiltonian character of the
dynamics, the symplectic DVI generates integrable and
stochastic guiding center trajectories in the resonantly
perturbed tokamak fields. Conditions: varying initial
radii and poloidal angles; q0 = 1.35; v‖ = 12.9 cm/µs;
zero magnetic moment; h = 3.5µs; 106 steps taken.
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